Abstract. This paper is devoted to give a complete unified study of several weak forms of ∂∂−Lemma on compact complex manifolds.
Introduction
One of the relevant properties of compact Kähler manifolds is the so called ∂∂−Lemma, which assures that, for every couple of indices (p, q) and for every d−closed (p, q)−form α, the various exactness conditions are equivalent (i.e. α is d−exact if and only if it is ∂−exact, or ∂−exact, or ∂∂−exact, or also the (p, q)−component of a boundary: see Section 4). In this way, all important cohomologies are linked: De Rham, Dolbeault, Aeppli, Bott-Chern.
Compact manifolds on which the ∂∂−Lemma holds have been also called cohomologically Kähler manifolds; notice that there is a wide class of cohomologically Kähler compact manifolds, namely class C of Fujiki.
An important consequence of the ∂∂−Lemma is the possibility to find a system of common representatives in the various cohomology classes, that allow to compute cohomology groups (due to compactness, cohomology is finite dimensional). To be precise, while Fröhlicher relations always hold on the manifold M, i.e. for every k, But when M is a ∂∂−manifold, i.e. a compact complex manifold on which the ∂∂−Lemma holds, then M has a strong Hodge decomposition; this implies that for every p, q, the Fröhlicher Spectral Sequence degenerates at E 1 , and there are natural isomorphisms (see Section 2 for the definitions)
For every p, q, with 0 ≤ p, q ≤ n, we shall consider also the following quotient spaces: Due to the compactness of M, all these spaces are finite dimensional, and their dimension is denoted by the corresponding small letter, f.i. h p,q ∂+∂ := dim C H p,q ∂+∂ . These spaces are linked by the following exact sequences, where all maps are induced by the identity:
By means of the isomorphism induced by the conjugation, it is easy to see that: 
and also by conjugation:
and the corresponding sequences: 
Proof. Statement (1) is well-known, and also (2) given in (2.2) and the surjective map induced by the identity H n−p,n−q ∂+∂ → C n−p,n−q given in (2.1). As above, we denote by [α] the (opportune) cohomology class of the form α.
It is easy to check that the above non degenerate pairing H p,q ≃ C n−p,n−q , and, by conjugation, that B p,q ≃ E n−p,n−q . Now, let us consider the injective map induced by the identity A p,q → B p,q given in (2.1) and the surjective map induced by the identity E n−p,n−q → F n−p,n−q given in (2.2): we can repeat the same considerations as above, to get A p,q ≃ F n−p,n−q . By Lemma 2.1, we get also (4).
Lemma 2.3.
(1) The following vector spaces are 1−dimensional:
The following vector spaces vanish:
and also, for every p,
Proof. Assertion (1) is well-known; the statement in (2) can be checked by easy computations, using also Proposition 2.2.
Lemma 2.4. For every p, q with 0 ≤ p, q ≤ n, we have the following equalities and inequalities:
Proof. Easy computations, using the exact sequences and Lemma 2.3.
Lemma 2.5. For p + q = 1 or p + q = 2n − 1, we have the following inequalities:
Proof. Easy computations, using the previous lemmas.
Now we can give the definition of regular manifold in the spirit of [31] : the equivalence of the conditions is given by Lemma 2.1. 
3. The setting in the paper of Deligne, Griffiths, Morgan, Sullivan [14] In this fundamental work, dd c − (or ∂∂−)manifolds are studied, to prove the following main result (p. 270, Main Theorem):
"Let M be a compact complex manifold, for which the dd c − (or ∂∂−)Lemma holds. Then the real homotopy type of M is a formal consequence of the cohomology ring 
For a compact complex n−dimensional manifold M, let us consider the double complex (E p,q (M), ∂, ∂) with associated simple complex (
In this setting, the authors say that a manifold satisfies the dd c −Lemma, when (a k ) holds for every k, and satisfies the ∂∂−Lemma, when (b k ) holds for every k.
Comparing with conditions (3) and (4) in Definition 2.6, we get: Proposition 3.1. A compact complex manifold is regular (in the sense of [31] ) if and only if it satisfies the ∂∂−Lemma (in the sense of [14] ).
To support the careful reader, let us check explicitly the above equivalences in our case (E p,q (M), ∂, ∂), since the last one is not straightforward.
Remarks. As regards the conditions given above, it holds, for every k:
Suppose (b k ) holds, and let u = u k−1 ∈ Ker∂∂, so that ∂u ∈ Ker∂ ∩ Im∂ = Im∂∂ and ∂u ∈ Ker∂ ∩ Im∂ = Im∂∂. Hence ∂u = ∂∂a, ∂u = ∂∂b, which gives
; then v = ∂u + ∂w, with u, w ∈ Ker∂∂ = (Ker∂ ∩Ker∂)+Im∂ +Im∂, so that u = ∂a+∂a ′ +r, r ∈ Ker∂ ∩ Ker∂, and w = ∂b + ∂b
The other side is straightforward.
The assertion is trivial when k = 1. To prove one side of the statement, notice that (Ker∂ ∩ Ker∂) + Im∂ + Im∂ ⊆ Kerd + Im∂ + Im∂.
On the other hand, let u = u k−1 ∈ Ker∂∂ = Kerd + Im∂ + Im∂; then u = ∂a + ∂b + U, U = U k−1 ∈ Kerd. Notice that, for a generic r−form v (r ≥ 1), the condition : "v ∈ Kerd"does not imply "v ∈ Ker∂ ∩ Ker∂", but it is equivalent to
As a matter of fact, the operators ∂ and ∂ are defined on E p,q (M), and then extended to E r (M) by linearity: thus, when v ∈ E r (M), "v ∈ Ker∂ ∩Ker∂"means that ∂v p,q = 0, ∂v p,q = 0 for every p, q with p + q = r. Hence, for every fixed j = 0, . . . , k − 2, let us consider
as required, whereã contains as summands a and the components of type s, and b contains b and those of type r.
Weak ∂∂−conditions
As we said in the introduction, our version of the ∂∂−Lemma is the following (see also [15] ): Since a (p, q)−form which is ∂∂−exact, is obviously also d−exact, ∂−exact and ∂−exact, the ∂∂−Lemma given in Definition 4.1 is equivalent to say that, for every couple of indices (p, q) and for every (p, q)−form u ∈ Kerd = Ker∂ ∩ Ker∂, with u ∈ Im∂ (or u ∈ Im∂ or u ∈ Imd), then u ∈ Im∂∂: this is precisely condition (b k ) or (a k ) of [14] for k = p + q, as we have seen in Section 3. Hence from now on, we can use several point of view about the ∂∂−Lemma: the above definition, or the setting in [14] , or the setting in [31] .
Notice that we can complete Definition 4.1 as follows: for every couple of indices (p, q) and for every d−closed (p, q)−form u, the following conditions are equivalent:
and a (p, q − 1)−form b such that u = ∂a + ∂b.
Indeed, u = ∂∂v = ∂(∂v/2) + ∂(−∂v/2) (and when the form is real, u = i∂∂v for a real form v, implies u = ∂(i∂v/2) + ∂(−i∂v/2)). On the other hand, when u = ∂a + ∂b, by ∂u = 0 we get that the d−closed (p, q)−form ∂a ∈ Im∂ = Im∂∂ by the equivalence of the previous conditions, and similarly ∂b ∈ Im∂ = Im∂∂, hence u is ∂∂−exact.
We shall introduce now weak forms of the ∂∂−Lemma, that is, with a fixed couple of indices (p, q), as it was partially done in some recent papers (see Remark 4.7.1). As a matter of fact, a weak form of the ∂∂−Lemma has been proposed for the first time in [19] , studying deformations of balanced manifolds.
But firstly we shall also consider suitable maps, induced by the identity map on cohomology classes, starting from sequences (2.4), (2.2), (2.7), (2.5). For every couple (p, q), we have indeed the following commutative diagram (which is also well known in the literature cited in Section 2):
where, more precisely,
Notice also that, by Section 2,
Definition 4.2. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We say that M is a (p, q)−mild ∂∂−manifold, or that on M it holds the (p, q)−th mild ∂∂−Lemma (condition B p,q in [34] , Definition 1.8, or Definition 3.1 in [29] , or condition B p,q in [27] , Notation 3.5), when one of the following equivalent conditions holds:
Definition 4.3. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We say that M is a (p, q)−dual mild ∂∂−manifold, or that on M it holds the (p, q)−th dual mild ∂∂−Lemma (see [29] , Section 3.1), when one of the following equivalent conditions holds:
Definition 4.4. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We say that M is a (p, q)−mild ∂∂−manifold, or that on M it holds the (p, q)−th mild ∂∂−Lemma (condition E p,q in [34] , Definition 1.8, or condition S p,q in [27] , Notation 3.5), when one of the following equivalent conditions holds:
Notice that, if q = 0, p ≥ 1, condition (4) means that there is no u ∈ E p−1,0 (M) such that ∂∂u = 0, ∂u = 0. Definition 4.5. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We say that M is a (p, q)−dual mild ∂∂−manifold, or that on M it holds the (p, q)−th dual mild ∂∂−Lemma, when one of the following equivalent conditions holds:
Notice that, if p = 0, q ≥ 1, condition (4) means that there is no u ∈ E 0,q−1 (M) such that ∂∂u = 0, ∂u = 0.
Definition 4.6. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We say that M is a (p, q)−weak ∂∂−manifold, or that on M it holds the (p, q)−th weak ∂∂−Lemma, when one of the following equivalent conditions holds:
Definition 4.7. Let M be a complex manifold of dimension n, let 0 ≤ p, q ≤ n. We say that M is a (p, q)−strong ∂∂−manifold, or that on M it holds the (p, q)−th strong ∂∂−Lemma, when one of the following equivalent conditions holds:
is injective (4) For all ω ∈ E p,q (M) with ω = ∂a + ∂b, there is α ∈ E p−1,q−1 (M) with ω = ∂∂α (5) The (p, q)−th mild ∂∂−Lemma and the (q, p)−th mild ∂∂−Lemma hold (6) The (p, q)−th dual mild ∂∂−Lemma and the (q, p)−th dual mild ∂∂−Lemma hold. , n) , that is, the (n − 1, n)−th dual mild ∂∂−Lemma, and remark in Proposition 3.9 that this condition is not equivalent to that introduced in [19] , i.e. the (n − 1, n)−th weak ∂∂−Lemma. [28] we encounter the (n − 1, n)−th mild ∂∂−Lemma (Definition 3.1) and the link under the various weak forms of the ∂∂−Lemma in the case (n − 1, n). (6) Finally, in [29] (see also [34] and [27] ) the authors introduce in Definition 3.1 the (p, q)−th mild ∂∂−Lemma as in Definition 4.2 (4), and then also the (p, p + 1)−th weak ∂∂−Lemma, the (p, q)−th dual mild ∂∂−Lemma and the (p, q)−th strong ∂∂−Lemma. (7) In [34] , Definition 1.8, one more definition is given, that is:
Obviously, this condition lies between conditionsb p,q = 0 and b p,q = 0. (8) For a fixed p, condition (H k ) in [11] corresponds to conditionb p+k,p−k+1 = 0, while condition (H k ) in [11] corresponds to condition b p+k,p−k+1 = 0.
Remarks 4.7.2.
(1) Every manifold M is: a (p, q)−mild ∂∂−manifold, for (p, q) ∈ {(0, q), (1, 0), (n, n)}; a (p, q)−dual mild ∂∂−manifold, for (p, q) ∈ {(p, 0), (0, 1), (n, n)}; and so on, by Lemma 2.3. Moreover, the cases (p, q) = (n − 1, n) or (n, n − 1) enjoy particular properties: f.i., the (n − 1, n)−th mild ∂∂−Lemma can be characterized by h 
Generalized p−Kähler manifolds
We introduced p−Kähler manifolds in [4] and then in [6] , and studied them mainly in the compact case: p−Kähler manifolds enclose Kähler and balanced manifolds, and seem to be a nice generalization of the Kähler setting. Later on, also pluriclosed (SKT) manifolds have been proposed as a good generalization of Kähler manifolds, and many others.
Thus a deep investigation of this type of structures (no more metrics, in general) was needed: we proposed in [1] a general setting, those of generalized p−Kähler manifolds, which enclose all the known classes of non-Kähler manifolds that can be characterized by a strictly weakly positive "closed"form (see f. i. [3] ). In the last years, some of them have been studied (not with the same name!) by other authors: hence we give in Remark 5.1.1 a sort of dictionary; moreover, a brief survey of the whole history can be seen in [3] .
Definition 5.1. Let X be a complex manifold of dimension n ≥ 2, let p be an integer, 1 ≤ p ≤ n − 1. Notice that: pK =⇒ pW K =⇒ pS =⇒ pP L. When X satisfies one of these definitions, it is called a generalized p−Kähler manifold. The form Ω, called a generalized p−Kähler form, is said to be "closed"; moreover, Ω > 0 means that Ω is transverse.
Remark. 1P L corresponds to pluriclosed ([17]) or SKT ([18]
); 1S to hermitian symplectic ( [30] ), 1K to Kähler. Moreover, (n − 1)P L manifolds (or metrics) are called standard or Gauduchon; (n − 1)S corresponds to strongly Gauduchon ([23] , [32] ), (n − 1)W K manifolds are called superstrong Gauduchon ([25] ), (n − 1)K corresponds to balanced ( [22] ). Last but not least, similar names to pP L and pS manifolds are given in [11] , where the author present them as a new generalization of the old paper [4] . . .
Remark.
In [1] we noticed that, on a ∂∂−manifold, for every p, 1 ≤ p ≤ n − 1, it is the same to have a pPL structure, or a pS structure, or a pWK structure. Thus, in particular, every compact manifold is strongly Gauduchon (i.e. (n − 1)S) and superstrong Gauduchon (i.e. (n − 1)WK). This was our motivation to investigate weak forms of ∂∂−Lemma.
Generalized p−Kähler manifolds can be studied also using positive currents: see the Main Theorem 3.1 in [3] .
Cones
Let M be a compact complex manifold. To study particular hermitian metrics on M, it is often useful to consider cones in suitable cohomology spaces of M. For instance, the Kähler cone K of a compact (Kähler) manifold is, by definition, the set of cohomology classes of (1, 1)−forms associated with Kähler metrics. Notice that K can be considered as an open convex cone in H 1,1
We will study cones of transverse forms (denoted by Ω > 0) in H p,p ∂∂ (M, R) and in H p,p ∂+∂ (M, R), starting from the (Bott-Chern) Kähler cone, the balanced cone and the Gauduchon cone (see [24] , [27] , [10] , [13] and others).
Definition 6.1. Let M be a compact complex manifold of dimension n.
The Kähler cone of M is
the balanced cone of M is
the Gauduchon cone of M is We say that a cone degenerates if it encloses the whole space, i.e. when every cohomology class contains a transverse form. Since the cones are open, they degenerate if and only if the null class contains a transverse form. This is impossible for K M , because we would get a smooth function f such that i∂∂f > 0 on a compact manifold.
On the other hand, the cones B M and G M may degenerate, as we can see through the following example.
Example 6.1.2 (see [33] or [3] ) Take G = SL(2, C), Γ = SL(2, Z), and consider the holomorphic 1−forms η, α, β on M := G/Γ induced by the standard basis for g * : it holds
The standard fundamental form, given by ω = i 2
so that ω 2 is a balanced form: but it is exact, since
We proved on this subject a nice characterization result: see [3] , Theorem 5.1 and the remarks after the theorem, in particular Remark 5.2.4. In our setting, we have the following results (Theorem 5.1(4) in [3] gives (i), while Theorem 5.1 (1) gives (ii)):
(i) The following statements are equivalent: Before to go to the case of a generic index p, 1 ≤ p ≤ n − 1, we complete the case p = n − 1, which is the most popular.
In [24] , Popovici studied sG−manifolds (in our setting, (n − 1)S manifolds) by means of the strongly Gauduchon cone, which is defined as follows.
This map is well defined, and can be detected (matching exact sequences (2.3) and (2.1)) as a composition of maps, using the isomorphism E n−1,n−1 ≃ B n,n−1 (notice also that C n,n−1 = 0):
(see [24] ) The strongly Gauduchon cone of M (which may be empty) is
To complete the picture, let us consider also the map
As above, we detect W (matching exact sequences (2.7) and (2.8)) as a composition of maps, using the isomorphism E n−1,n−1 ≃ B n,n−1 (notice also thatC n,n−1 = 0):
Definition 6.4. The weakly Gauduchon cone of M (which may be empty) is
We got the following situation: WG M ⊆ SG M ⊆ G M ; in the next Proposition we give conditions to assure the equality of the cones. The proof is a particular case (p = n − 1) of that of the forthcoming Theorem 6.7.
Proposition 6.5. Let M be a compact complex manifold. In the above notation:
M is a sGG−manifold, see [24] , [25] 
Remark 6.5.1 As for sGG−manifolds, one can see [25] and [26] . In particular, in [26] , Theorem 1.4, the authors characterize sGG−manifolds by the condition h For the case of a generic p, 1 ≤ p ≤ n − 1, we define the opportune maps and the cones as follows. Definition 6.6. Let M be a compact complex manifold of dimension n, let 1 ≤ p ≤ n−1.
(1) The p−Kähler cone of M is
Remarks 6.6.1 (2) All cones may be empty, except for (n − 1)P M = G M . As a matter of fact,
The cone 1S M is studied in [21] .
So we have the following general result:
In the above notation (suppose also that the cones are not empty): 
Hence the conditionb p+1,p = 0 does not imply that every pPL form is a pS form: we need also the vanishing else of A p+1,p or of B p+1,p . But of course condition b p+1,p = 0 implies in particular that pP M = pS M .
Referring to [34] , Definition 1.8 (see Remark 4.7.1 (7)), one can easily check that when M ∈ D p+1,p , then pP M = pS M , because when Ω is a pP L−form, so that ∂∂Ω = 0, then we get a form χ such that ∂Ω = ∂χ and ∂χ = 0, hence Ψ := Ω − χ − χ is a pS−form.
Moreover, in [11] , Section 5, the author defines the cones A p (M), which corresponds to pP M , and C p (M), that is pS M . Some results about these cones (see Proposition 5.4 ibidem) are connected with our Theorem 6.7; in particular in Proposition 5.4(i) a condition is given (in terms of the vanishing ofb p,q for suitable p, q) to assure that pP M = pS M , while Proposition 5.4(ii) is a particular case of Theorem 6.7(1).
Remark 6.7.2 As in the classical cases (see Remark 6.1.1), M is a pP L(pS, pW K, pK) manifold if and only if the corresponding cone pP M (pS M , pW M , pK M ) is not empty. But the statement (for instance) "M is pS if and only if M is pW K"does not mean that the cones coincide, but only that, when the cone pS M is not empty, then also pW M = ∅. This is much more weak than Theorem 6.7. To end this section, let us consider the case n = 2.
Proposition 6.8. Let M be a compact complex surface (n = 2). The following conditions are equivalent:
Proof. (1) implies (4) because a Kähler manifold is a ∂∂−manifold. Finally, by Lemma 2.4, (3) is equivalent to (2).
Some results
We collect in this last section a miscellanea of results, giving only references for the proofs, and some indications to find examples of manifolds satisfying special forms of ∂∂−Lemma. The focus is on deformations of complex structures. a) From local to global. About this topic, we recall only a couple of results of [9] (see also [28] Section 3 for a comment), i.e.
"On a (n − 1, n)−th dual mild manifold, any locally conformal balanced structure is also globally conformal balanced"(Theorem 3.5), and "On a (n − 1, n)−th dual mild manifold, any locally conformal Kähler structure is also globally conformal Kähler "(Proposition 3.7).
b) Cones and p−Kähler structures
In [1] we proved that, in the class of ∂∂−manifolds, every pP L manifold is also pS and pW K for every p, 1 ≤ p ≤ n − 1; using Theorem 6.7, we can be more precise. For every p, 1 ≤ p ≤ n − 1:
(1) If M is a ∂∂−manifold, then the following cones coincide:
thus a pP L manifold, which is a (p + 1, p)−mild ∂∂−manifold, is also a pS and a pW K manifold. (3) M is a (p + 1, p)−weak ∂∂−manifold if and only if pS M = pS M = pW M ; thus a pS manifold, which is a (p + 1, p)−weak ∂∂−manifold, is also a pW K manifold.
c) Holomorphic families of compact complex manifolds
Recall that a holomorphic family of compact complex manifolds is a proper holomorphic submersion π : M → ∆ between complex manifolds, where ∆ is assumed to be an open ball of C m containing the origin (it suffices to assume m = 1); all fibres are compact n−dimensional manifolds π −1 (t) := M t , which are diffeomorphic each other (i.e. only the complex structure J t of M t varies with t ∈ ∆; in particular, Betti numbers are invariant). (open): M t 0 has the property (P) implies that M t has the property (P) for all t ∈ ∆ close to t 0 ; (closed): M t has the property (P) for all t ∈ ∆ − t 0 implies that M t 0 has property (P).
A lot of work has been done in studying openness or closeness of properties as being Kähler, balanced, ∂∂−manifolds and so on: one can see [23] , [24] , [25] , [32] , [10] , [27] , [29] , [11] , [12] and some others.
In an old paper ( [5] ), we proved that, while the property of being Kähler is open, the property of being p− Kähler (p > 1) is not open. For p = n−1, the example is the Iwasawa manifold I 3 , which is a (2, 3)−weak ∂∂−manifold and a (2, 3)−dual mild ∂∂−manifold, but not a (2, 3)−mild ∂∂−manifold (by Lemma 2.4 and [7] , Appendix A) (this example and its deformations will appear more and more).
But now we start from [19] , where the authors recall that the property of being a ∂∂−manifold is open, and also the property of being a balanced ∂∂−manifold is open. By the way, they noticed that the ∂∂−Lemma is too strong, in fact they prove (see Theorem 6 and Corollary 7):
"When X t is a (n − 1, n)−weak ∂∂−manifold for small t = 0 (f.i., when h 2,0 ∂ (X t ) = 0), and X 0 is balanced, then X t is balanced for small t".
Notice that the request is on every X t ; as a matter of fact in [28] a lot of examples are recalled, and in particular Example 3.13, where X 0 and X t are balanced (they have the real structure of I 3 ), X 0 is a (2, 3)−mild ∂∂−manifold, but X t is not a (2, 3)−weak ∂∂−manifold.
In the proof, Fu and Yau use the real diffeomorphism X 0 ≃ X t to get on X t a real d−closed (2n − 2)−form Ω t corresponding to the balanced (n − 1, n − 1)−form Ω 0 on X 0 . Its (n − 1, n − 1)−component Ω (n−1,n−1) t satisfies ∂ t Ω (n−1,n−1) t = −∂ t Ω (n−2,n) t , so that, by the hypothesis, ∂ t Ω (n−1,n−1) t = i∂ t ∂ t Ψ t ; in this manner, Ω t := Ω (n−1,n−1) t − i∂ t Ψ t − i∂ t Ψ t is d−closed, and it becomes transverse for a small t.
When p < n − 1, in [28] (Proposition 4.12 and Remark 4.13) and [29] (Proposition 1.5) the authors notice that, for a sufficiently small t, any smooth real extension of a transverse (p, p)−form is still transverse, so that the obstruction relies in the closure (as regards pS manifolds, one can see [11] , Theorem 1.1).
In the first paper, they define the (n, n − 1)−th mild ∂∂−Lemma, compare them with the other weak forms of the ∂∂−Lemma at the level (n, n−1), also with a lot of examples, and then prove the following result (Theorem 3.11): "When X 0 is a balanced (n − 1, n)−mild ∂∂−manifold, then X t is balanced for small t".
On the other hand, I 3 shows that the property of being a (n − 1, n)−mild ∂∂−manifold is not open, and that the result is not true when mild is replaced by weak.
Moreover in the just cited paper [28] , on page 7, it is noticed that the property "(n − 1, n)−weak ∂∂−manifold"is not open, where on the contrary the property "(n − 1, n)−strong ∂∂−manifold"is open but not closed.
They prove also in Theorem 4.9 (compare [11] Theorem 1.1 for pP L manifolds): "When X 0 is a pK ∂∂−manifold, then X t is pK for small t".
In [29] , the authors get (Theorem 4.1): "If X 0 satisfies the (p, q + 1)−mild and (q, p + 1)−mild ∂∂−lemmata, then there is a d−closed (p, q)−form Ω(t) on X t depending smoothly on t with Ω(0) = Ω 0 for any d−closed Ω 0 ∈ E p,q (X 0 )". Hence (Theorem 1.1): "When X 0 is a pK (p, p + 1)−mild ∂∂−manifold, then X t is pK for small t". As for this last result, notice the connection with our Theorem 6.7: when M is a (p, p + 1)−mild ∂∂−manifold, then it is also a (p + 1, p)−weak ∂∂−manifold, so that a pS structure (a real concept) gives rise to a pW K structure. , are given in [34] , Theorem 1.9 and Theorem 1.10.
Also in [27] the authors compare dimensions of cohomology groups (Theorem 3.1, Theorem 3.6, Theorem 3.7), in particular when M is a (p + 1, q)−mild ∂∂−manifold and also a (p, q + 1)−mild ∂∂−manifold (see Theorem 1.4 for the cases p = 0 and q = 0).
